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Rearrangement Inequalities

David Angell’
Let’s begin with a puzzle.
x| 1|23
Y
Ty total = |

"o,

You are to write the numbers 4, 5, 6 in the row marked “y”; multiply the two numbers
in each column to obtain three products zy in the third row; add these products to
obtain a total. The problem is to choose the order in which 4,5, 6 are placed so as to
obtain the largest possible total. Once you have done this, find the order which will
give the smallest total.

Of course this is really a very easy puzzle. There are only six possible ways to write
4,5 and 6 in the three slots; all you have to do is calculate the six totals and then pick
out the largest and the smallest. You should have found that the maximum total of
32 is obtained by writing the numbers in increasing order, 4, 5, 6; while the minimum
total, 28, is obtained by writing the numbers in decreasing order, 6, 5, 4.

This is an example of a rearrangement inequality. In order to write down a precise
statement of this result, let’s first note that if we had written the z values in a different
order, then we should have had to change the order of the ys correspondingly. In fact,
it clearly makes no difference in what order we add the products to get the final total;
so we may as well assume that the xs appear in increasing order.

Theorem Rearrangement inequalities for sums of products. Let x1,z,, ..., x, be pos-
itive real numbers in increasing order, that is, 0 < z; < 2, < --- < 1z, and let
Y1, Y2, - .., Yn be positive real numbers. Let 21, 29, ..., 2, be a rearrangement of the y;,
and consider the sum

121 + Tozo 4+ - + Ty 2y (1)

This sum has its maximum value when the z; are arranged in increasing order, and its
minimum value when they are arranged in decreasing order.

Comment Observe carefully that we have not said that the maximum occurs only
when the z; are in increasing order. If some of the z; are equal then there may be
a different order of z; for which the sum is still maximal. We are only saying that,
compared with the increasing order, there is no other order which actually gives a
greater sum.

!David Angell is an Associate Lecturer at UNSW



Examples We shall give some examples first and prove the theorem later.

1. Consider two positive real numbers a and b, with a < b; take n = 2 and 2, =
a,zo =band {y1,92 } = {a,b}. Then

ab+ba < 121 + 2020 < @ + b ;

ignoring the middle term and dividing both sides by 2 yields

2 2
a”+0b
ab < ,
- 2
which is a version of the arithmetic mean-geometric mean inequality.
2. If a, b, c are positive then
a+b c+a b+c
+ -

>0.
b a
Proof By symmetry we may assume that a < b < ¢; take
1 1 1
r1=a,ro=b,r3=c and Yy =—,ys=—, ys = —.
a b c
Then y3 <y, < ¥, and so for any rearrangement 21, 22, 23 of y1, y2, y3 we have
a b ¢
T121 +ZE222+1‘323 Z T1Y1 +x2y2—|—x3y3 = a—i‘ B +E =3.
Making two particular choices for 2, 29, 23 gives
a b ¢ a b ¢
—+-+-2>3 and —+ -+ 2>3;
b ¢ a c a b
adding these and collecting terms with the same denominator proves the result
claimed.
3. Letay,ay, ..., a, be real numbers in increasing order; take
1 1
ri=a,...,z,=a> and Yy =—,..., Yp= — .
aq (07%

Then (using only one half of the rearrangement inequality)

Tzt F X2y 201y XYy = a1+ Ay

In particular, if we take n = 2002 and 21 = Y2, 22 = Y3,..., 22001 = Y2002, 22002 = Y1
we obtain

2 2
]

2 2
a a
2001 2002
+ =+ F+———+ == 2>a1+ax+ -+ a0 + a002 ;
az a3 2002 a1

which solves question 6 on the 2002 UNSW mathematics competition.

Instead of multiplying pairs of numbers and adding the products we could have done
the reverse: added pairs of numbers and then multiplied the sums. A bit of experi-
menting (perhaps with x = 1,2,3 and y = 4, 5, 6) suggests that the result is, in a sense,
the opposite of the one we have seen above.



Theorem Rearrangement inequalities for products of sums. Let x1,zo, ..., x, be pos-
itive real numbers in increasing order, thatis, 0 < z; < 2, < --- < 1z, and let
Y1, Y2, - - -, Y be positive real numbers. Let zi, 2, ..., 2, be a rearrangement of the y;,
and consider the product

(21 4 21) (e + 22) -+ (X0 + 2n) -

This product has its maximum value when the z; are arranged in decreasing order, and
its minimum value when they are arranged in increasing order.

Examples

1. Letxy =1, o = 2 and x5 = 3. If 21, 25 and 23 are 4, 5 and 6 (not necessarily in that
order), then

(1+4)2+5)(34+6) < (z1+21)(z2+ 22)(x3+23) < (14+6)(2+5)(3+4),

that is,
2. Letay; =12, 29 = 2%,..., 2, = n% If 21, 29,..., 2, is any arrangement of 1,2,...,n
then
(x1+21) (o 4+ 22) -+ (X + 2) > (1 + 1) (22 +2) -+ - (z, + 1) .
That is,

(1P +20)(2% 4 22) - (n® + 2,) > (P + 1)(22+2) -+ - (n® +n)
(Ix2)x(2x3)---n(n+1)
= (n+1)(n!)?%.

Another way in which the above ideas can be varied is to consider sums of products
of three or more numbers. The maximum result generalises in a fairly obvious way,
but, curiously, the minimum result does not. For products of sums it is the minimum
which generalises and the maximum which does not.

Theorem Extended rearrangement inequalities. Let x1, o, ..., x, be positive numbers
in increasing order; let y11, Y12, ..., Y1, and yo1, Y22, . . ., Y2, and so on be m collections
of n positive real numbers. Let 211, 212, ..., 21, be an arrangement of y11, ¥12, ..., Yin,
let 291, 299, . . ., 22, be an arrangement of yo1, Y22, . . . , Y2, and so forth. Then the sum of
products

(1211201 +* * Zm1) + (T2212292 -+ Zma) + - + (TnZinZan * ** Zmn)

takes its maximum value when z;1, zj9, . . ., 2j,, are in increasing order for each j. The
product of sums

(1 + 2110+ 201+ Zm1) (W2 + 212+ 202 A Zm2) - (T F 2+ 220+ Zn)

has its minimum value when z;1, zjs, . . ., 2j,, are in increasing order for each j.

Examples



1. Supposethatz; = 1,20 = 2,23 = 3and { y11, Y12, 13 } = {4,5,6 } and { yo1, Y22, Y3 } =
{1,3,5}. The maximum value of

(z1211221) + (w2212222) + (T3213203)
is
(I1x4x1)+(2%x5x3)+(3x6x5)=124,
where the 4, 5,6 and the 1, 3,5 have been listed in increasing order. However if
we list them both in decreasing order, 6, 5,4 and 5, 3, 1, we obtain

(Ix6x5)+(2x5x3)+(3x4x1)="72,

which is not the minimum value of the sum! In similar fashion, the minimum
value of
(1 + 211 + 221) (@2 + 212 + 222) (T3 + 213 + 223)
is
(1+4+1)(2+5+3)(34+6+5)=2840,

but the maximum value is not
(14+6+5)(2+5+3)(3+4+1)=0960.

Exercise
What is the minimum value of the sum of products? What is the maximum value
of the product of sums?

2. Let § = 7/2n and consider the product of sums

P = (sinf + cos§ + cot §) (sin 260 + cos 26 + cot 26) - - -
-+ (sin(n — 1)0 + cos(n — 1)0 + cot(n — 1)6) .

Note first of all that

0<f<20<---<(n—10<1ir,

and that on the interval 0 < z < %w the sine function is increasing, while the

cosine and cotangent functions are decreasing.

If we take x; = sin j0 then the s are in increasing order, so to obtain the minimum
product of sums we must arrange y;; = cos j0 and y,; = cot jf in increasing order
too. Therefore

P > (sinf + cos(n — 1)0 + cot(n — 1)6)
(sin 26 + cos(n — 2)0 + cot(n — 2)6) - - -
-+ (sin(n — 1)0 4 cos 6 + cot 6) .



Since (n — k)0 = 3m — k0 we have
cos(n —j)f =sinjf and cot(n — j)0 = tan jo ,
so this inequality can be rewritten as

P> (251n9—|—tan9) (2sin29+tan29) e
-+ (2sin(n — 1) + tan(n — 1)6) .

Proof of the rearrangement inequalities for sums of products
We shall show that if the z; are not in increasing order, then there is an arrangement
with fewer terms out of order, and for which the sum (1) is the same or larger. If the
new arrangement still has terms which are not in increasing order we can repeat the
process, again increasing the sum; eventually we shall reach a sequence which has no
terms out of order. This will show that the sequence with all terms in increasing order
gives the largest possible sum.

Suppose, then, that there is some & for which z; > zj1. Exchange z; and 2.4 to get
a new arrangement 21, 25, ..., 2. Thatis,

2, =2k, e =4 and  zp =z ifj Ak k+ 1L
For convenience we write
S'=w2] w2+ -+ a2, and S =x121 + Xeza -+ Tp2p
most of the products in these two sums are the same, and if we subtract them we get
S'— 8 = (wpzy, + Tr12p41) — (T2 + Thy12k41)

= T2kl + Thi12k — Tkl — Thy1Rkt1

= (Thg1 — ox) (2 — 2k1)

>0,
because each of the bracketed terms is non-negative. Thus S > S, and 21, 2, ..., 2],
has fewer terms out of order than z;, 25, . . ., 2, since z;, and z,,; have been “corrected”.

As explained above, this proves the maximum inequality.

The result that the sum is minimal when the z; are in decreasing order may be
proved by a very similar argument (exercise!), or may be deduced from what we have
proved in the following way. Choose a real number M larger than all the y;, and apply
the maximum result to the numbers M — y;, M — y,,...,M — y,,. Each z; must be
replaced by M — z;, and so the sum (1) is

$1(M—Zl)+$2(M—ZQ)+"'+ZEn<M—Zn)
=(r1+za+ -+ x)M — (2121 + X220 + -+ Tp2y)

Y

Now the first sum on the right hand side is fixed, and so the minimum value of z;2; +
ToZy + - -+ + xp 2, corresponds to the maximum value of the left hand side. From what
we have just proved this occurs when M — 2z, M — 2,,..., M — z, are in increasing
order, that is, when 2, 2, . . ., 2, are in decreasing order.



