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Solutions to Problems 1131-1140

Q1131 Suppose A and B are two equally strong tennis players. Is it more probable
that A will beat B in three sets out of 4 or in 5 sets out of eight?

ANS. If A and B play n sets, the probability that A will win some specified r sets
(for example, the first r sets) and lose the remaining n — r is (3)" . (His probability of
winning one set being 1, his probability of winning the first r sets (1), his probability
of losing the last (n — r) setsis (1 —2)"" = (1), and multiplying these gives the
stated result.) Hence the probability of A beating B in exactly r sets out of nis "C, ()"
(where "C, is the number of different ways one can choose r objects from n given

objects - in this case sets of tennis). Hence A’s probability of winning exactly 3 sets out
of 4is4Cy (1)" = 4. = 1 whilst his probability of winning exactly 5 sets out of 8 is
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=35 2 somewhat smaller expectation.
Of course, A’s probability of winning “at least” 5 sets out of 8 is considerably larger
than his probability of winning at least 3 out of 4 (the probabilities are 2= and 2 (= 22
respectively).

Q1132 Triball is a three player game. In each round, the winner scores a point, the
runner up is awarded b points, and the loser gets c points, where a > b > c are positive
integers. One day Xavier, Yvonne and Zachary played some triball and the final score
was

Xavier —20  Yvonne — 10 Zachary — 9.

Yvonne won the second round. Who won the first round, and how many points
did Zachary get in the last round?

ANS. Since the total number of points scored is 39, there must have been 3 rounds
played with @ + b+ ¢ = 13. (Note a + b + ¢ > 3) Yvonne’s score, including an a,
totalled fewer than 13 points. She must have come third in the other two rounds, and
a+2c = 10. We deduce that b = c+ 3. Since Zachary’s average score per round exceeds
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6, we must have a > 7 2¢ < 3 yielding ¢ = 1 as the only possibility (since c is a positive
integer). Therefore a = 8, b = 4, ¢ = 1. Xavier must have won the 1st and 3rd rounds
and come second in the 2nd round. Hence Zachary must have come third in the 2nd
round, and second in the first round and also the last round, in which he scored 4
points.

Q1133 Let us assume that in a knockout tennis tournament the players always play
true to form, so that the stronger player invariably defeats a weaker opponent. If there
are 16 entrants in the tournament, and the draw is decided by lot, what is the proba-
bility that the final (in round 5) is played between the strongest two players?

ANS. Whichever of the 16 places in the draw is allotted to the strongest player A, the
remaining 15 places are equally likely for the second strongest B. Of these, B is in the
opposite half of the draw to A4, and 7 in the same half. Thus the probability that A and
B are in the final is .

Q1134 Letay,as,...,a, be positive numbers. Prove that

ay+as+---+a, a+az+---+ay
2 3 ! 3 X
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Ty =— T2 = —, y In = —
1 ¢5) Qp,
Y = a1, Yz = A2, ..., Yp = Qp.
Nowx; > 29> - >x,and y; <yp <--- <y, s0if 21, 29, .. ., 2, is any rearrangement

of y1, 2, ...,y, we have

T121 + Tozo + -+ Tpzp = T1Y1 + ToYo + -+ TpYn

=1+1+---4+1
=n.
Choosing z; = as, 22 = as, ..., Zy—1 = ayn, 2, = 1, we have
(05} as a aq
—+ =+ +——+—=2>n
ai a3 Ap—1 an
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Similarly

as Qy ai a2
—+—+---+ +—=>n
ai Q2 ap—1 Qp,

an ai Ap—2 Ap—1

—+ =4+ + >n;

a as Ap—1 (7%

adding these inequalities gives

Grtagtetan  ataz+ta,
ay Qs
+CL1+(12+"'+CL”_1

Qn

>(n—1)n

which proves the first inequality. But clearly

and adding this to the first inequality gives the second.

Q1135 Prove the rearrangement inequalities for products of sums.

ANS. Let zy,29,...,2, be positive real numbers with z; < 2z, < --- < 7, and let
Y1, Y2, - - - , Yn, e positive real numbers. Suppose that z;, 2, . . ., 2, is a rearrangement of
Y1, Y2, - - -, Y and that the z; are not in increasing order. We shall show that there is an

arrangement with fewer terms out of order for which the product
(.Tl + 21>(I2 + Zz) s (:cn + Zn)

is the same or smaller.
Suppose, then, that there is some ¢ for which z;, > z;41. Exchange z;, and 2, to get
a new arrangement 21, 25, ..., 2,. Thatis,

) n*
2 =21, e =2 and  zp =z if Ak k+ 1L
For convenience we write

P=(z1+z1)(x2+ 29) - - (T + 2p)

and
P = (x1+4 21)(xa + 25) -+ (x + 2,);



most of the terms in these two products are the same and we have

/
5/ T + 2 Zhe1 + 2
P xp+ 2 xpp + 2e

Tp+ Zp41 k1 + 2k
T+ 2k Tkl T 2kt

_ TpRky1 + TRk Thp12k4+1 T 2RZk41 (1)

TpTh+1 + ThZhr1 + Tpr12k + 22541

But
Tk T Tpt1 Zh41 < ThZhg1 T Thot1 k3

to prove this, either show that RH.S— LHS > 0 or use the rearrangement inequality for
sums of products. So in (1), the numerator is less than or equal to the denominator, so
P'/P <1and P’ < P. We can repeat this procedure as often as needed until the z; are
in increasing order; at each stage the product of sums remains the same or decreases.

Hence, the minimum value of the product occurs when 2y, 25, . . ., 2,, are in increasing
order.
The proof that the maximum occurs when 2y, 2, ..., 2, are in decreasing order is

very similar.

Q1136 Arrange thenumbers1,2,...,2n into an order x1, xs,. .., Z3, S0 as to obtain the
maximum value of
T1%2 + T3%4 + T5X6 + -+ + Tap—1T2n -

Also, find the minimum value of the sum.

ANS. The maximum possible sum is
I1x24+3x44+5x6+---+(2n—1)2n

and the minimum is

12n)+22n—1)+32n—2)+---+n(n+1).

Proof. To make the explanation easier we shall relabel the numbers as 1, s, ..., Zpn, Y1, Yo, . - -

and consider the sum
T1Y1 + ToYo + T3Y3, .. - + TpYn-

We may assume that z; < y; for each j (because z;y; = y;x;) and that x; < 2y < --- <
x,, (reorder the terms if necessary).

For the maximum, if the arrangement of xs and ys is not as shown then the se-
quence

T1,Y1,T2,Y2,- -, Tn, Yn



is not in increasing order, so either z;, > y; or y, > w441 for some k. But the former
alternative, by assumption, is never true, so the latter must hold. Let

Ths1 = Yk and ah=w; for j#k+1
Yo =Tk and  y;=y; for j#k

— that is, interchange y;, and x4, — and write

S =x1y1 + Toys + -+ TpYn
S" =Ty + oYy + -+ XY

Then
S — S = xy; + x;c+1y;€+1 — TkYk — Te+1Yk+1
= TkTh+1 + YeYk+1 — Thlk — Th+1Yk+1
= (Yk — Tht1) (Yrt1 — k),
and this is positive since yj+1 > Ti41 > Tk Soif 21, 29, ..., y, are not as shown then S
does not have its maximum.
To prove the minimum result we show first that y; > y» > --- > y,. If not, then

there exist k, ¢ with
k<t yp <o

Define

T = 1; for all j
Yo = Y0, Yo =Yr, Yy =y; if jF# KL

— that is, interchange y;, and y, — and let

S =zy1 +Taya + -+ Tnyn
' =2y + By o Ty,

as above. Then

S" — 8 =y, + Tyyy — Teyr — Teye
= TrYe + ToYr — TeYr — TelYe
= (xr — o) (Ye — Yn),

which is negative since x; < z; and y; < ye. So S is not the minimal sum under these
conditions; we can only get a minimum when

T < T << Ty <Yp<: <Y<Y

and the sum is as shown.



Comment We can also evaluate both sums. You can prove by induction that
1
ﬁ+2?+§+~~+n2=gmn+1Qn+n.

Hence the maximum is

I1x243x44+5x6+---+(2n—1)(2n)
=(22—2)+ (4> —4)+(6*—6) +---+((2n)* — 2n)
=2P(1P 42243+ +n”) —(2+4+6+--+2n)

= ;n(n +1)(2n+1)— %R(Q + 2n)

= %n(n+ 1)(4n +2 —3)

1
= gn(n +1)(4n — 1),
and the minimum

12n)+22n—1)+32n—2)+---+n(n+1)
=12n+1-1)+22n+1-2)+32n+1-3)+---+n(2n+1—n)
=(14+24+3+--+n)2n+1)— (1*+2*+3°+---+n?)

:%Mn+n@n+n_éMn+D@n+D

= %n(n +1)(2n +1).

Q1137 At a party, there are 2n people, of whom each one is acquainted with at least
n others. Prove that it is possible to seat them at a circular table so that each is seated
between two acquaintances.

ANS. (1) We first prove that it is possible to seat at least n 4+ 1 round the table, each
flanked by 2 acquaintances. Stand any person on a line, next to him place an acquain-
tance, then one of his acquaintances, and so on, adding at either end of the line until it
is impossible to obtain a longer line in which each person knows both his neighbours.
Call the person at one end of the line A. Then all of A’s acquaintances are already in the
line. The section of the line from A to the most distant of his friends therefore contains
at least n + 1 people, and these may be seated round the table in the order in which
they stand in the line.

(2) Suppose now that £ is the largest number of people which can be seated round the
table so that each knows both neighbours. Because of (1) £ > n 4 1. We are asked to
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prove that k = 2n. Suppose that k < 2n. If B is one of the remaining 2n — k people,
since 2n—k < n—1, some of B’s acquaintances must already be seated. We can stand B
behind a seated acquaintance, P, then (if there is one standing) another acquaintance
of B behind him and so on, to obtain a queue of people standing behind one of the
seated group so that each person in the queue knows his neighbours and so that the
queue cannot be lengthened further. Suppose there are ¢ people standing in the queue,
where ¢ < n — k. If the person at the tail of the queue is C, all of his acquaintances
must already be either seated, or in front of him in the queue. A simple calculation
shows that C' must have at least n — ({ — 1) — 1 = (n — ¢)* acquaintances other than P
who are already seated. Let S be the set of ¢ people seated to the right of P. None of
them (D say) could be acquaintances of C' since otherwise we could replace the people
between P and D by the people standing in the queue to obtain more than £ people
seated satisfactorily, contradicting the maximality of k. The same argument of course
applied to the ¢ people 7' seated to the left of P. Hence all of C’s seated acquaintances
are included amongst the £ — 2 k — 2¢ — 1 people, U, more than ¢ seats away from P.
Furthermore, no two adjacent people seated can both be acquainted with C, since we
could simply seat C' between them to again contradict the maximality of k. If at most
every second person in U is acquainted with C, his seated acquaintances in the arc are
in number < w

- Using*,n— 0<% —7

oo k> 2n.
Hence we must have k = 2n as required.
Q1138 Two bodies move in opposite directions around a circular track, one at constant
speed v m/sec. The speed of the other increases at a constant rate a m/sec/sec. At time
t = 0, the bodies are at the same point A and the second one is momentarily at rest. In
how many seconds does their first meeting occur, if their second meeting is again at
the point A?

ANS. P
Let d be the distance (in metres) round the track, and
suppose their first meeting, at B, occurred after ¢; secs.
Then
d = length APB+ length AQB )
B = vt + %at%.

Since their second meeting, after ¢, secs, occurred at A,

d= Utg (3)
and d = Lat3. (4)

From (3) and (4) d = %a (%)2, yielding d = %
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Substitution in (2) gives 1atf + vty — % = 0 from which t; = ¥(—1+ /5), since the
negative root must be rejected.

Hence the first meeting occurred after %(v/5 — 1) seconds.
Q1139 A co-ed school organizes a chess competition in which every participant plays
one game against every one else. At the conclusion of the tournament, it is noted that
each competitor gained exactly half of his or her points in games against boys. (As
usual, a win earns 1 point, and a draw earns 3 point for both players.) Prove that the
total number of competitors is a perfect square.

ANS. It is clear that for any set of competitors, S, the total number of points earned
against boys by all members of S is equal to the total number of points they have
earned against girls(*).

Let b denote the number of boys competing, and ¢ the number of girls. Then b(b —
1)/2 games are played between boys, g(g — 1)/2 between girls, and bg between a boy
and a girl. Let w denote the number of points earned by boys against girls. Then the
number of points earned by girls against boys must be bg—w. Applying the observation
(*) first taking S to be the set of all boys, then the set of all girls, gives the two equations:

b(b—1)/2 = w
bg —w =g(g—1)/2.

Eliminating w yields, after transposition of terms

b+ g=0b>—2bg + g
=(b-9)

Hence the total number of competitors, b + g, is a perfect square.

Q1140 Fewer than 135 players entered a tournament in which each match has three
contestants and one winner. Before each round the names of all the survivors were
drawn to provide as many matches as possible, with byes being given to any players
left out. It turned out that the tournament was won outright by a player who contested
only one match. What was the greatest possible number who took part?

ANS. The greatest number who took part is 109.

Since there was an outright winner, there were precisely three players left with one
round to go, one of whom was the eventual winner, this being his only match. So in
the earlier rounds he, at least, was given a bye, so at no earlier stage was the number
of players divisible by 3. Indeed, if, after any round but the last, there were n players
left, then before that round there must have been either 2 + 3(n — 2) = 3n — 4 or
1+ 3(n —1) = 3n — 2 players.

The “tree” below shows the possible numbers of players who entered the tourna-
ment so that the above might occur.

Since there were fewer than 135 players, the greatest possible number who took
part was 109.



