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Recursive sequences and solution techniques
Diya Gandhi'

1 Introduction

This paper provides different techniques for solving maths competition problems that
involve sequences. Some of these problems can be solved by the periodicity technique;
see Section 2. Others can be solved by finding an explicit formula; see Section 3. How-
ever, some sequence problems cannot easily be solved in these ways, and other solu-
tion techniques are then more useful; see Section 4.

2 The periodicity technique

Recursive formulas give the value of a specific term based on previous terms, while
explicit formulas give the value of a specific term based on its position. In some cases,
it will be difficult to find any explicit formula to solve the problem. For such cases,
the most common approach to solve the problem is to apply the periodicity technique.
This technique is simply to use a recursive formula to find the first few terms in the
sequence until you find a repeating pattern. Then, you use the pattern to find the next
terms of the sequence.

Problem 1. [5] (Problem 2/3/25 USA Mathematical Talent Search 2013-2014)
Let a1, as, as, ... be a sequence of positive real numbers such that apago = ax41 + 1 for all k.
Suppose that a, and a, are positive integers. Find the maximum possible value of asp14.

Solution. The periodicity technique is used to solve this problem. Write a; = a and
as = b, where a and b are positive integers. By the recursive formula, a a3 = a2 + 1, so

as = “Z—Tl = bTTl Similarly, a4, = “’Lf;“l, as = %, ag = a = a; and a; = b = ay. The
periodicity of the sequence is then 5, so asp14 = a4 = %bb“ To get the maximum value

of “E2EL gp has to be the smallest value possible. Since a and b are positive integers,

ab = 1. So, the maximum possible value of as14 is 3.

Problem 2. [3]
Let (x,,) be a sequence defined by x1 = 1, x9 = x5 = % and 43 = 2Tp19Tni1 — Tp for n > 4.
How many three-digit numbers n are there such that x,, = 17
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Solution. Let us calculate some terms of the sequence (z,,) using the recursion formula.

For instance, x4 = 2z325 — 21 = 2 - 3 — 1 = —1. More terms are calculated similarly:

T1 T2 T3 Ty T35 Teg Ty T8 Tg L1 T11 Ti2 T13 T4 Tis

1

1 1 1 1 1 1 1 1 1 1 1
2 2 2 1 2 2 2 1 2 2 2 1 2 2

We see that this sequence will repeat after x;, with a periodicity of 12. Therefore, z,, = 1
when n — 1 is divisible by twelve. The first 1 to appear in the sequence when n > 100
is x199. Starting at n = 109 and ending before n becomes a four-digit number, you will
get another 1 in the sequence. You can do this 74 times before n is greater than 1000.
Including x109, there are 75 values of n such that z,, = 1.

Problem 3. [1]
What is the remainder when the 2019 term of the Fibonacci sequence is divided by 7?

Solution. The 2019 term of the Fibonacci sequence is too much work to manually
calculate by brute force. Instead, it is better to look for a pattern. By using the recursive
identity F,,4» = F,41 + F, for Fibonacci numbers together with modular arithmetic
where we divide each number F,,,, by 7 and look at the remainder, we can quickly
tind the sequence of these remainders. Here are the 32 first such remainders:

112351606654261011235160665426.

We see that the 16 remainders 1, 1,2, 3,5,1,6,0,6,6, 5,4, 2,6, 1, 0 are repeated in this list,
and the recursive identity ensures that they continue to repeat throughout the entire
Fibonacci sequence. Next, we find the remainder 3 when 2019 is divided by the number
of terms in the pattern, namely 16. The 3rd term in the pattern is 2 which is the answer.

3 The explicit-formula technique

The explicit-formula technique is to find an explicit formula for a given recursion se-
quence. Many recursive sequence problems allow us to find recursive formulas. How-
ever, there is no one way how to find an explicit formula, and solutions will differ
based on the information given in each problem. Here are a few examples of creating
an explicit formula.

Problem 4. [3]
Let (a,,) be the sequence defined by ay = 1, ap = 2 and, for all n > 3,

Ap—20n—1
Ap = ———————— .
2an—2 — Gp-1

Write asg19 as %, where p and q are relatively prime positive integers. What is p + q?



3

15, we notice that

Solution. After using the recursive formula to find a3 = & and a4 =

the formula a,, = % is true for n = 1, 2, 3, 4. The method of induction is used in order
to prove that this explicit formula is true for all » > 1. Assume that the formula is true
for all integers n = 1,2,...,m for some m > 4. Then a,,_; = ;> and a,, = 1>, SO
a o Am—10m _ ﬁ Zl’rni—l _ 9 — 3 1
m+1 — - - - -
25— 2= 25— 6(4m—1)-3(4m—-5) 4(m+1)

By induction, the explicit formula a,, = 47%1 is true for all integers n > 1. In particular,
aso19 = gorz- Here, p = 3 and ¢ = 8075, s0 p + ¢ = 8078.

Problem 5. [2]
Consider the sequence (a,,) defined by a1 = 1, ap = 5and, forn=1,2,...,

(pio = DApi1 — 6ay, .
What is the value of aip0 — 3agg?

Solution. We are here given a 2nd-order difference equation and could use the stan-
dard formula for such equations. Instead, we show a nice alternative method. In par-
ticular, let us define the numbers b,, for n > 1 as follows:

b, = i1 — 3ay, .

Note that b,.1 = ay12 — 3a,11 = 2(ant1 — 3a,) = 2b,. It follows that, for each n > 1,
by = 2 1by = 27" (ay — 3a;) = 2"L(5— 3+ 1) = 2", s0

_ 099
@100 — 3agy9 = bgg = 277 .

4 Other common techniques

Here we will solve recursive-sequences problems using other common techniques than
those demonstrated in the previous sections.

Problem 6. [4]
How many terms of the sequence x, = 10" — 3" +2" +5 (n > 1) are perfect squares?

Solution. Note that 3|2" + 1 for odd n and 3|10™ — 1 for any n. Thus for any odd n,
Ty = (10" —1) = 3"+ (2" +1) +5
leaves the remainder 2 when divided by 3. Therefore, z,, is not a perfect square. Now,
wy =102 =32+ 2° + 5 =107,
and, for any positive integer k greater than 1,
(10" — 1)2 < 10%* — 3% 1 2% 1 5 < 10%* .

Since xo; is between two consecutive perfect squares, it is not a perfect square. Hence,
x, is a perfect square for exactly one value of n, namely n = 2.
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Problem 7. [3]
Let (ay) and (b,) be increasing arithmetic sequences of integer terms for postive integers n.
Suppose that ay = by = 1 and k is a positive integer greater that 2 such that - + ;- =

E-
What is the value of -~ + -2

Solution. From the equation - + ;- = 15, we deduce that (a; — 10)(b; — 10) = 100,
It follows that
(ak - 1)(bk - 1) - 9(ak - 1) - 9(bk - 1) =19.

Since (a,,) and (b,,) are arithmetic sequences, k —1|ay —a; =ap,—land k—1|b, —b; =
by — 1. Therefore, k — 1|19 and so k > 2. Hence, k = 20, so ag, byg > 20. By the first
equation, agy = by = 20, 50 ay = by = 2. It follows that

N

a9 bg -
Problem 8. [2]
Consider the sequence (ay,) of positive rational numbers defined by a, = 2552 and, for k > 1, if
ap = " for relatively prime positive integers m and n, then

m + 18
n+19

Q41 =

t

Find the sum of all integers j > 1 for which a; can be written as ;5

for some positive integer t.

Solution. Note that a; = ;5 for ¢ = 2020 and that a, = 28 — I8 = 7 for t = 1019.

So, 1 and 2 are both values of j that we are looking for. Now, forz = 1,2, ..,

1019 + 18z

@2+ = 7020 + 192

as long as these fractions cannot be simplified, and until that happens, a;;, cannot

be written as ;5 for any integer ¢. Let us determine the smallest value of x for which
Aorg = 18;81}% can be simplified. Note that if 1019+ 18z and 1020+ 19z have a common
factor d > 1, then that factor also divides z+1 = (1020 + 19z) — (1019 + 18z). Therefore,
x # 1, since otherwise d|z + 1 = 2 and so d = 2, a contradiction since 1019 + 18 - 2 is
odd. In this way; it is quick and easy to check the possible values of z, and we find that

x = 6 is the first time that ag;, = 12213 can be simplified. In particular,

1020+19x
1127161
9= 1931~ 1627

and j = 8 is therefore the next value that we are looking for. Now forz =1,2,. .,

161 + 18z

U+ = 160 + 192

until 161 + 182 and 162 + 19z are no longer relatively prime. Again, any common factor
of 161 + 18z and 162 + 19z must also divide the difference x + 1. Using this fact to
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conduct a quick manual search, we find that z = 10 is the smallest number for which

_ 161418z o Tif - o341 _
astr = o109, can be simplified. In particular, a3 = 555 = 31, and we have found the

value j = 18. Next, forx = 1,2,.. .,

31 + 18z

Y8t = 357 0

is not equal to ;5 for any integer ¢ unless, perhaps, the fraction 352 can be simplified.
By similar manual inspection as above, we find that this first happens when = = 12.
So,7=12+18=301is another value found.

Now, az) = 355 = 350, 50 Gays0 = 300 for x = 1,2,... until this fraction can be
simplified. However, that will never happen, for the followmg reason: if 19 + 18z and
20+ 192 have a common factor d > 1, then d also divides (20+19z) — (19+19z) = z + 1.
However, this is not possible since 19 + 18z = 1 + 18(x + 1) is then not divisible by d,
a contradiction. There are therefore no any integers j greater than 30 for which a; can
be reduced, and so no more numbers a; can be expressed as - for any integers . So,
the sum of all j values that we have found is 1 + 2 + 8 + 18 + 30 = 59.
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