Parabola Volume 23, Issue 3 (1987)
CHANGING WATER TO WINE

In a recent edition of Mathematical Spectrum (the English equivalent of

Parabola) the following famous problem was discussed:

Suppose you have two containers, one of which holds exactly 5 litres and one of which
holds exactly 3 litres. How would you obtain 4 litres of water using only these

containers?

The solution of this question may be shown using ordered pairs of numbers to describe
the contents of the two containers, for example (5,0) means that the 5-litre con-
tainer is full and the 3-litre container is empty; (0,3) ﬁeana that the 5-1litre
conainer is empty and the 3-litre container is full; also
{(5,0) = (2,3)

means  fill the empty 3-litre container from the full S5-litre container, leaving 2
litres left in the 5-litre container. Remembering that the only operations allowed
are to empty a container (in the sink or other container) or £ill a container (from a
tap or the other container), a solution to the above problem is:

(0,0) - (5,0) = (2,3) - (2,0) - (0.2) = (5,2) — (4,3)
This problem suggests the following generalization:

What volumes of water can we get using two containers which will hold N litres and
n_litres?

To start answering this question, we will suppose N 2 n and note that at each
step we can only transfer water from one container to the other, or obtain or throw
away n litres or N litres. This leads to:

Theorem 1 Every volume of water we may obtain must be able to be written in the form

Nx + ny where x, y are integers.

Thus, for example, we cannot get any fractions of a litre in our answers.

Now, if d divides both N and n, then it is easy to see that d divides the
number Nx + ny for every pair of integers x, y and so

Theorem 2 If d is a common divisor of N and n, then we cannot get any volume of
water which is not divisible by d.
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Thus if we have a 6-litre container and a 4-litre container we cannot get an odd
number of litres. We can however get 6 litres, 4 litres (both obvious) and 2 litres
bY (6; 0) - {2f q}a

Because of theorem 2, we will suppose from now on that the numbers N, n have no
common divisoéa (except 1 of course) and see if we can get any volume of water. We
first note that for any integers, the sequence

{s, Glﬂ{S-n,n}—o(s—n, 0) - (s - 2n, n) =+ (8 - 2n, 0) = ...
consists of getting the remainder when 8 is divided by n and we will call this
number mod (s, n), For example, mod (5, 3) = 2, mod (23, 3) = 3. Also, if s > n,
then the sequence

(0, 3) = (N, a)ur{N+s-n,n]—r{N_+a-n, O)-c(N-I-s-zn, n)

=+ (N+ a8 - 2n, 0) = ...
shows that
Theorem 3 1If we can get s litres of water, then we can get mod (s, n) and
mod (8 + N, n) litres of water.
We are now in a position to prove our main result:
Theorem 4 If we have two containers holding N 1litres and n litres of water where
the numbers N, n have no common divisors except 1, then we can get any number of
litres up to N,
Proof - Since -we can obviously get 0 litres, theorem 3 tells us that we can get
mod (N, n) litres and then get
mod (N + N, n}) = mod (2N, n) litres,
mod (2N + N, n) = mod (3N, n) litres etc.
Now there is a useful result in the theory of numbers which says that the sets
{ mod (N,n), mod (2N, n), ... e mod { (n - 1) N, n)}
and 1y 2, vin @8 = 1)
are the same (although usually in a different order). This means that we can get any
number of litres up to n litres, and the intermediate steps show that we can get s
litres for any s (up to N of course)
Example The following sequence shows how to get 6 litres using a 7-litre and a
3-litre container:
(7, 0) = (4, 3) - (4, 0) 5 (1, 3) = (1, 0) - (0, 1) - (7, 1) = (5, 3)
= (5, 0) = (2, 3) » (2, 0) - (0, 2) - (7, 2) - (6, 3).
Notice that this does not necessarily yield the shortest way of getting any number of
litres of water, since we could also have done

(7,00 = (4, 3) 5 (0, 3) - (3, 0) » (3, 3) 5 (6, 0)
which is much shorter.

****l**********ltt***itt***tt**

=17 =



Having solved our probxlem of getting various amounts of water, now let us aup-
pose that someone presents you with a bottle containing § litres of wine and aaks you
toc share out 4 litres uzging our origiinal S5-1itre and 3-litre containera. The dif-
ference between this and the earlier ques tion is tht we only have 8 litres of wine
with which to £111 cur containers, and of course you would not simply empty a 3-litre
container of wine down the sink! Thus the operation (2,3) -+ (2,0) in our original

solution ia wasteful,

Deapite what has dust been said, a moment’s thought will show that the above
operation may be interpreted as pouring the contents of the 3-litre container back
into the original bottle (instead of down the sink). This can be represented by
using ordered triples (instead aof pairs) to describe the céntents of the 8-litre

bottle and our 5-1litre and 3-litre containers, where the sum of three numbers of the

ordered triplea is always the same. Using this notatlion, the "wine” solutian to our

original preblem becomes

(8, 0, 0) = (3, 5, 0) —» (3, 2, 3) > (6, 2, 0} — (6, 0, 2} = (1, 5, 2) = (1, 4, 3)
Similarly the results of thecrems 3 and 4 are atill true in this cantext provided our
bottle of wine originally has at least N + n litres of wine. We are still (even in
this case) left with the question of the moat efficlent way of getting the amount of

wine we want.

For a way of solving the harder queation we turn to the use of graphs. We are
used to representing ordered pairs of numbers as points on a plane, =o that the
contents of our 5-litre and 3-litre contalners can be represented by the intersection

of any of the following lines:

{5 1)

(0,3) |— —

(0,9) (s,0)
Qur wine version of this diagram is to replace this rectangular grid by a triangular
grid (Note that we do not use d-dimensional space as the contents of the bottle
depend on  the contents of the ? containers and 80 1ls net a "third dimension”). 1In

this triangle, we can think of the sides of the triangle aa our axes, with the base



corresponding to when the 3-litre container is empbty and the left-hand side cor-

reaponding te when the S-litre container is empty.

(8,0,0)

(3,5,0)
To be fair to the B8-litre bottle, we will treat it as an 8~litre contalner and uae
the third side of thae triangle for the case when it is empty. Finally, asince none of
our containers can hold more than 8 litres, wa will use an equildteral triangle uit%
sides of leangth & units. Thus the contents of our three coentainers can bae thought of
aa some of the points in tha triangle:

{G,0,8)

(8,0,0) v,8,0)

For example, the point marked (8,0,0) represents the fact that the B—litrﬁ container
ia full and the other two are empty, and the point marked (0,5,3) represents the fact
that the 8-litre container is empty and the other two are full. Similarly the point
marked (0,8,0) represents the fact that the 5-litre container has & litres and the
other two are empty = which 1s clearly impossible. For this reascn we have to
reatrict ourselves to the parallelogram joining the points (8,0,0), (3,5,0), (0,5,3)
and (%,0,3):

(H,0,0) 0% iT



To use this triangle, we note that a line parallel to the base represents empty-
ing the B8-litre container into the S5-litre container, a line parallel to the left
hand side represents emptying the B-litre container into the 3-litre container and a
line parallel to the right hand side represents emptying the 5-litre container into

the 3-litre conainer. So our original solution ¢an now be represented by:

(6,0,2)

(8,0,0)

e
Fa

(6,2,0) (3,5,0)

In fact, we can also use the triangle to find the quickest solution to a
problem. Since we are starting with all the wine in the 8-litre conainer, we label
the wvertex (8, 0, 0) with the number 0 to indicate that we require no steps to get
there. Now .label all vertices of the parallelogram which we can reach immediately
with the number 1 (in our example, these will be (3, 5, 0) and (5, 0, 3)). We then
label any point we can reach immediately from any l-point with the number 2 ete. For

example, when we first reach a point with 4 as one of its co-
locks like:

ordinates, our triangle

and so the given solution to our original problem is actually the quickest.
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As another example, imagine the problem of getting 3 litres of wine from a
bottle of 9 litres using a 7-litre container and a 5-litre container (you are showing
it with 2 friends)., The following diagram shows all the possible paths starting at
the wvertex (9, 0, 0) and since none of them passes through any point with a co-

ordinate equal to 3, we can see that the problem is impossible.

(6,0,3) (0,6,3)

VATAYATAYAVAY ..

(9,0,0)

{(6,3,0) (3,6,0)(2,7,0)

You might 1like to experiment with other combinations and decide which ones are pos-
sible and which are impossible. 1In particular, you might like to try to show that if
N, m, n are three numbers with no common factor, where N > m > n and

m+n=-2< N< 2m+ 2n + 1
then we can get any number of litres of wine (up to N of course) from a bottle of N

litres of wine, an m-litre container and an n-litre container.



