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There is only one theorem in A-level calculus

Andrew Jackson!

1 Introduction

1.1 Background

Reverse mathematics [1] is a field devoted to examining which theorems — typically
expressed in logic — can be considered to be equivalent, given a presupposed set of
assumptions (known as a base theory and, again, typically expressed in logic). Alter-
natively, reverse mathematics can be viewed as the search for the minimum axioms
required to prove theorems; as if — presupposing and excepting the base theory —a the-
orem implies all the axioms that have already been used to prove it, then those axioms
must be required to prove the theorem, and no subset of those axioms will suffice to
prove the theorem.

This notion of “minimum axioms” is entirely equivalent to the notion of equivalent
theorems. If a collection of theorems and axioms is the minimum required axioms,
aside from the base theory, to prove another theorem, then this collection of theorems
is equivalent to the second theorem. These are dual approaches and both are valid but
herein we adopt the perspective of considering which theorems are equivalent over
the base theory.

For simplicity purposes, throughout this article I will not consider theorems and
axioms in terms of logic. A single strategy will be used to establish the equivalence of
theorems: if we are given two theorems A and B, they are shown to be equivalent over
the base theory by both

(a) presupposing Theorem A along with the base theory to derive Theorem B, and
(b) presupposing Theorem B along with the base theory to derive Theorem A.

The proposed base theory is very simple. In fact, the point of the base theory is
to be minimal: in an ideal world, the base theory would be completely empty; i.e.
there would be no base theory, but this is impractical, not impossible, as some basic
principles, axioms, and assumptions are needed to reason with and derive theorems
from other theorems.

If an attempt were made to prove two theorems were equivalent without a base
theory, then there would be no reasoning that could get from one theorem to the other.
They would each be inert and isolated, with nothing to interact with to imply the other.
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Keeping this in mind, the base theory in this article is constructed to assume as little
as possible, while still keeping basic reasoning possible. The assumptions in this base
theory are essentially the most basic facts of mathematics and a minimal amount of
calculus. It reflects just slightly more than a GCSE student would know about calculus
and the foundations of mathematics when first progressing to A-level mathematics. I
refer to this base theory as GCSE™.

For non-British readers, I will pause for a moment to clarify what I mean by a GCSE
student. GCSEs are the first public examinations British students sit (although in Scot-
land they use an alternative) at age 16. Calculus is typically first introduced to students
almost immediately after GCSEs when or if they progress to the next qualification: A-
levels.

1.2 Basic calculus notation and definitions

The basic notation and definitions used in this article, which many readers should
already be familiar with, are compiled below:

(1) The derivative of a function f : R — R is denoted by f’. No definition of the
derivative in terms of limits or Newton quotients is given, as this then assumes
much more. Additionally, for any natural number k, f*)(x) denotes the kth deriva-
tive of a function f with respect to z.

(2) Anindefinite integral of a function f : R — R is denoted by / f(z) dz. Note that

the indefinite integral is not yet defined to be the inverse of differentiation: this will
be assumed in the base theory later.

(3) The definite integral of a function f : R — R between the limits a,b € R, where
b

a < b, is denoted by / f(z)dzx and has the value F(b) — F(a), where F' is an

indefinite integral of f. ’
(4) Impose an ordering on R as follows: for all z,y € R,

(@) = > yif and only if z — y is positive;

b) x > yif and only if x = y or x — y is positive;
y p

(¢) x < yif x > yisnot true;

(d) = <yifx > yisnot true.

(5) The absolute value of any y € R is defined to be

iyl = y if y is positive or zero;
Y —y if y is negative.



1.3 Base theory

On top of the arithmetic properties of the real numbers, the law of trichotomy of real
numbers that any real number is either positive, negative or zero, and the standard
foundational tools of deductive reasoning (e.g., mathematical induction), the only ad-
ditional assumptions are:

(a) All functions considered here are differentiable and integrable, and remain so as
many times as is needed. Their domains and ranges are always R.

(b) Foreachn € N, (2")" = na"~! and the derivative of any constant is 0.

(c) For any function f, the integral and derivative are inverses of each other; that is,

( / f(x)dx)l ~ [ (@)do = 1(o).

(d) Differentiation is linear, in the sense that (au + fv)’ = au’ + S’ for any function
u,vand a, 8 € R.

(e) The integral of a function that is always positive (respectively zero) is positive
(respectively zero).

(f) For any infinite series such that the sum of the first n 4 1 terms always better ap-
proximates a function than the sum of the first n terms on some specified domain,
the sum of the entire infinite series equals that function on that domain.

(g) For any function f considered herein and interval [a,b] C R, there exists some
constant C' € R such that for each & € R and = € |[a, b],

| f®) ()] < C*HRL.

This is equivalent to assuming all functions considered here are analytic.

1.4 Statements of theorems considered

The theorems to be proved equivalent, to reflect that the base theory is approximately
GCSE-level mathematics, are chosen to be hallmarks of A-level calculus: the product
rule, Taylor’s theorem, and integration by parts. These are stated below.

Theorem 1 (The product rule [2]). For any function u and v, we have that
(wv) = v'v +u'. (1)

Theorem 2 (Integration by parts [3]). For any function u and v, we have that

/ w(z)'(z) dz = u(z)v(z) — / o (z)o(z) dz . 2)



Theorem 3 (Taylor’s theorem [4]). Let k € N and p € R be arbitrary. For any function f,
we have that
k .
/Y [T ) b
10 = P [y ®

Jj=0

Note 1. For clarity, herein theorems about theorems and what axiom systems they can be proved
in are labeled as Meta-Theorems.

2 Preliminary theorems

Note that there are already some theorems that can be proven within GCSE* and will
be useful later. For example, Theorem 4; which is shown to be be provable using only
GCSE™ in Meta-theorem 1.

n+1
1 + c for some c € R.

Theorem 4. Foranyn € N, /:c" dr = —
n

Meta-theorem 1. Theorem 4 may be proven within GCSE™.

Also note that there are lemmas that can be proven to be implied by any of the
three above theorems but do not necessarily imply them back. This point is illustrated
with Meta-lemma 1 but, before presenting and proving it, there is a pause to define an
important concept required by it.

Definition 5. A neighbourhood of a specified point is an area (e.g., an interval if in one
dimension) around that point of unspecified size (and shape if in more than one dimension).

Meta-lemma 1. Assuming GCSE" and Taylor’s Theorem, for any function f, there exists
some neighbourhood of any point p € R, such that for any x € R within that neighbourhood,
we have that

Proof. From assumption (g) of the base theory, within any interval centered on p € R,
there exists some constant C' € R such that | f*)(z)| < C¥*kl. Hence,

‘f(k) (JJ)| N Ck:—i-lk!
I

This is then used to show that for all £ € N,

z p(k+1) z p(k+1)

|z —y|* = C*" o —y|*.




z | £(k+1) T
S/ Uk—,(‘y)‘\x—y\kdyﬁ(?k“/ lz—ylfdy. (4
p : p

If x is restricted to be within ¢! of p, where ¢ = 1.1C, then if y is restricted to within
the limits of the integral in (4), it follows that |z — y| < ¢! and  — p < 7', Therefore,
using this restriction,

/z —f(k;l')(x) (z —y)'dy < C** /x o —ylfdy < CMIgH @ —p) < (1) ()

It can be shown that, within GCSE™, (1.1)™* > (1.1)~®**Y for all ¥ € N, so the series
can be extended to infinitely many terms with zero error by assumption (f). In other
words,

S {O)) .
f@) =3 Py

=0

and the proof is complete. O

3 Results

The main result of this paper is Meta-theorem 2, which is proven in the subsequent
subsections.

Meta-theorem 2. Taylor’s theorem, the product rule, and integration by parts are equivalent
over GCSE™.

This theorem will be proven via a sequence of disjoint proofs. These will collec-
tively show that

the product rule = integration by parts = Taylor’s theorem = the product rule,

proving the equivalence of the three theorems over GCSE™.

3.1 Product rule implies integration by parts

Let v and v be differentiable functions of x and start from the product rule in Defini-
tion 1:

(wv) = v'v +u'. (6)

By taking the integral of both sides of (6) and using the linearity of integration (which
can be proven within GCSE™), we have that

/(uv)/dq: = /(u’v +uw') dr = /u’v dr + /uv’ dx . (7)
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Hence, applying the Fundamental Theorem of Calculus to the leftmost part of (7) gives

uv=/u’vdx+/uv'da:

which can then be rearranged to give the following formula for integration by parts:

/uv'dx:uv—/u/vdx.

Note 2. This arqument can easily be reversed to show that integration by parts implies the
product rule.

3.2 Integration by parts implies Taylor’s theorem

Take an arbitrary function g and p € R. Define a new function f by f(z) = g(x — p).
We start by defining

z p(nt1)
o] = [ P00 yyay. ®)

By integrating the integral in (8) by parts, we get

ol =[E0 ooy = [F(E22 [emwran) i o)

The integral / (z—y)" dy in (9) can be evaluated given GCSE™ and integration by parts

(using that it implies the product rule, as discussed above). Hence

(n+1) n+2
/ (y) / f . y)nJrl dy

(n+1)!
Mw”“ + J[z,n +1].

- (n+1)!

J[z,n] = (=) ”“

We prove the existence of a Taylor series of f about x = 0 for any value of n by induc-
tion. By the Fundamental Theorem of Calculus,

-/ CF)dy

which implies that

/f £(0) + [, 0],



This is the required Taylor series of f about x = 0 when n = 0, establishing the base
case. Assume that there exists a Taylor series expansion of f about z = 0 for a given
value of n € N. Then

n

©) , z f(ntl) L)) ,
f(x) = ij—‘(o)az] —|—/0 fT@(m —y)"dy = ij—‘(())a:] + Jlz,n].

Jj=0 Jj=0

Then, using (9), it follows that

flx) = Zn:m:ﬂ + wx"“ + J[z,n + 1]

pard J! (n+1)!
n+1 () 0 ‘

:Z—f '( ):L'j—i-J[:c,n—i—l].
=0

Therefore, the required Taylor series of f about = 0 with n + 1 terms exists and by
induction, f has a Taylor series expansion with any positive number of terms.

To complete the proof, note that g™ (p) = f™(0) for any non-negative integer n,
therefore proving that g has a Taylor series expansion about + = p with any positive
number of terms.

3.2.1 Taylor’s theorem implies the product rule

Let u and v be functions of z. By assumption and Lemma 1, there exist some neigh-
bourhood L(f), I C R of any point s € R such that

u(z) = ug +uy(x — 8) +ug(x — 8)* + -+
forall = € I and
o(z) = o+ vr(x = 8) + w3l — )+ -

forall z € I)"). Take any z € I’ N I} Then we have that

(u(x)v(x))/ = <Z Z w;v;(z — 3)"3) = Z k Z uv(r — s)F L. (10)

k=0 dj:
it+j=k itj=Fk

On the other hand,
' (z)v(z) = <Zuj(x — s)j> (vo + vi(z — ) + - )

(St st

J=0



[e.e]
= Z Z Juvi(z — s)F.
k=0 i
itj=h

Using a similar argument to derive u(z)v’(x), it can be calculated that

u'(x)v(x) + u(z)v' (z) = Z Z (i + j)ujvi(z — s)*

k=0 i,j:
it+j=k

= Z Z kujvi(x — s)"

k=0 ij:
it+j=k

= (ulz)v(x))’

forall z € I N I{", where the last equality follows from (10).
This — prima facie — appears to be the product rule, as required. However, thus far,

the product rule has only been shown to hold for = within I N 1. Since s was

arbitrary, for any x, € R there always exists a sp € R such that zy € 159 N I Hence,
the above result can be generalized to hold for any z, € R.

4 Discussion

Herein, a base theory which is called GCSE" - roughly equivalent to GCSE mathemat-
ics supplemented with very basic calculus — has been presented, over which many of
the major theorems in A-level mathematics have been shown to be equivalent. This
is interesting for many reasons, among them is that — given the cumulative nature of
mathematics — and that the line where GCSE mathematics ends and A-level mathe-
matics begins is somewhat arbitrary — from a strictly mathematical perspective. This
makes it pertinent to ask: at what other points in the progressive accumulation of
mathematical theorems are the next few theorems equivalent, using all accumulated
mathematics to that point as the base theory. It is a topic for future research to investi-
gate the density of these points but given the base theory was not heavily engineered
to make the equivalence possible and that using what is essentially GCSE mathematics
as a base theory — which in a way serves as a “nothing-up-my-sleeve” base theory —
these points appear extremely common.

Another topic for future research — that the present author particularly encourages
readers newer to research mathematics to take up — is extending the list of theorems
that are equivalent over GCSE™. It did not take much searching to find the theorems
shown to be equivalent, over GCSE™, herein, which suggests that much “low-hanging
fruit” is still available to show is equivalent over GCSE™. It also suggests that the-
orems equivalent to those presented in earlier sections are very common. This is a
phenomenon observed in reverse mathematics, where there are only five main classes
of theorems that are equivalent, despite hundreds of theorems having been considered.
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