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One-dimensional subdivision rules

Anaya Kale! and Brian Rushton®

1 Introduction

Subdivision rules, which are ways of creating fractals, have been studied extensively in
dimension two, and have been more recently studied in other dimensions as well. One-
dimensional subdivision rules have the simplest structure, but they have not received
sufficient attention. In this paper, we provide definitions, examples, and fundamen-
tal results on combinatorial classification of these one-dimensional subdivision rules,
focusing on those with a small number of tile types.

2 Background

In two dimensions, subdivision rules are used to generate fractals, and have applica-
tions to geometric group theory [1] and the study of rational maps [2]. Informally, a
two-dimensional subdivision rule is a rule for taking a labelled tiling of a two-dimensional
space and generating a sequence of more and more refined labelled tilings that are
nested (so that each closed tile is contained completely in a closed tile from the pre-
vious tiling in the sequence) and locally defined (so that any two tiles with the same
label will have subdivided the same way in the next tiling in the sequence).

Famous examples of subdivision rules include barycentric subdivision, where the
only shapes are triangles and every triangle is subdivided into six smaller triangles,
and binary subdivision, where every shape is a square and every square is subdivided
into four other squares. [1, 5]
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Figure 1: Two-dimensional binary subdivision
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They were later generalised to all dimensions; see [6]. In this paper, we are only
interested in one-dimensional subdivision rules, which create sequences of tilings of
the line. In particular, we will study only the combinatorial properties of the tilings.

Therefore, we make the following definitions.

Definition 1. Given a set S with elements { Ay, As, ..., A,}, let ST be the set of non-empty
finite sequences made from elements in that set.

For instance, if S has a single element A, then
St ={AAA AAA AAAA, .. }.
Definition 2. A one-dimensional combinatorial subdivision rule R consists of the following:

(a) A finite set
SR = {Alu---7An}

of symbols called the tile types of R.

(b) A mapping
R: SR — SE

called the subdivision mapping, sending each tile type to a finite sequence of tile types.

In the rest of this paper, we will use the word “subdivision rule” to mean a one-
dimensional combinatorial subdivision rule, unless otherwise indicated.
The function from Sg to Sy gives us a function from

R: S}t — Sk,

This is because every element in S}, is made up of elements of S, so we just apply the
function to each part. For more rigorous details, see [4].

An R-complex X is any element of S;,. The mapping R sends X to a new element
R(X), which is called a subdivision of X. Continuing, we can get a sequence of subdi-
visions

X, R(X), R*(X),....

These subdivisions can be interpreted graphically by using a line to represent each
symbol.
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Figure 2: One dimensional binary subdivision

In the above picture, the subdivision complex is just the set { A} and the subdivision
mapping sends A to AA. Thus,

and so on.

Another example is the Middle Thirds subdivision rule used in the Cantor set.[3]
One way to represent it is with a subdivision complex that has two tiles { A, B}, where
subdivision sends A to ABA and B to B.
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Figure 3: The Middle Thirds subdivision rule.

Starting with a single A tile, we get

X=A,
R(X) = ABA,
R*(X) = ABABABA,

and so forth.



3 Properties of one-dimensional subdivision rules

3.1 Subdivision rules with a single tile type

The simplest type of subdivision rules are those with a single tile type. One example
is binary subdivision, shown earlier. Below is another example, the trivial subdivision
rule with a single tile that does not divide.

A — 0 i

Figure 4: The trivial subdivision rule

These subdivision rules with a single tile type can be classified completely as follows.

Theorem 3. The subdivision rules with one tile type correspond exactly with the set of positive
whole numbers.

Proof. First, to prove existence, let n be any natural number. Let Y be the subdivision
rule where A is mapped to n copies of A. This is the desired subdivision rule.

To prove uniqueness, suppose that Y is a subdivision rule with one tile type A,
where A subdivides into n copies of A. Since there is only one tile type, the order does
not matter, so the only possibility is

AA---A .
—_—

n times

Therefore, there is a unique subdivision rule for each positive whole number n. O

3.2 Subdivision rules with two tile types

When there are two tile types, such as A and B, the structure of subdivision rules be-
comes more complex. Each tile type may subdivide into a combination of both types,
making interactions between them. As a result, the growth of the system depends on
the interaction between the two tile types rather than just a single repeating rule. Un-
like with just one tile type, two tile types can produce more complex design sequences.
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Example
Consider the subdivision rule R with tile types A and B and the rules
A — AB, B— A.

That is, each A tile produces both an A and a B tile, while B only makes an A tile.
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Figure 5: The Fibonacci subdivision rule, starting from a single A.

Starting with the R-complex X consisting of a single A tile, we obtain the following
sequence:

X =4,
R(X) = AB,

RX(X) = ABAAB,
R3(X) = ABAABABA,

and so forth. If we let A(n) represent the number of A tiles in R"(X), then we can see
from the above that

A0)=1, A)=1, A2)=2, AB)=3, A4) =5,

which matches the beginning of the Fibonacci sequence.

This occurs because every A tile produces one A tile and one B tile, and every B tile
produces only one A tile. As the subdivision is repeated, the number of A tiles at each
stage becomes equal to the sum of the numbers from the two prior stages, making it
follow the Fibonacci sequence.



Theorem 4. A(n) is equal to the nth term in the Fibonacci sequence.

Proof. The proof is by induction. Let F(n) denote the nth Fibonacci number, and let
B(n) be the number of B tiles in R™(X).

Base cases.

When n = 0, the number of A tiles is A(0) = 1 = F'(0), and the number of B tiles is 0.
Whenn =1, A(1) =1 = F(1).

Induction step.

Assume that A(n) = F(n) and B(n) = F(n — 1).

Since each A tile is subdivided into AB and each B tile is subdivided into A,

An+1)=An)+B(n)=Fn)+ F(n—1)=F(n+1),

and
B(n+1)=F(n).

Thus, by induction, the statement is true for all n. ]

3.3 Equivalent subdivision rules

Finally, we discuss equivalent subdivision rules. Sometimes, different subdivision
rules can produce the same overall behaviour or growth. Even if the patterns look
different, then the number of tiles of each type can grow in the same way.

For example, consider the following two subdivision rules:

(@) The set {A, B} with the rules

A— AB, B— A.

(b) The set {A, B} with the rules

A — BA, B— A.

These rules are different in order, but they produce the same number of A and B
tiles at each step. This is because each A tile produces one A and one B, and each B
tile creates one A. The order of the tiles does not matter for the overall count because
rearranging the order does not change how many or what types of tiles are produced.

This shows that the arrangement of tiles does not matter, but rather how many of
each type are created. Thus, two subdivision rules can be considered equivalent if they
produce the same number of tiles of each type at every step, even if their patterns are
different. Therefore, the arrangement of tiles does not determine growth; instead, the
number of tiles produced by each tile type determines the growth.



4 Conclusion

In this paper, we studied one-dimensional subdivision rules with one tile type. We
showed that one-dimensional subdivision rules with one tile type are determined by
the number of tiles into which each tile subdivides, and because of this there is exactly
one subdivision rule for each positive whole number.

We then studied one-dimensional subdivision rules with two tile types. We found
that these rules can create more complicated patterns; in particular, we showed that
the subdivision rule

A— AB, B— A

generates the Fibonacci sequence. This demonstrates that even simple subdivision
rules can create complicated mathematical patterns through repeated subdivision.

Finally, we observed that even when the order of the subdivision tiles is different,
the rules can have the same growth behaviour. This shows that the growth of a subdi-
vision rule depends on what and how many tiles each tile type produces, rather than
on the order of the subdivision tiles.
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